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The characteristic inequality of 2-uniformly rotund Banach spaces
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Abstract: The problem of the characteristic inequality in 2-uniformly convex spaces is discussed by u-
sing the method of Banach space theory. The characteristic inequality of the 2-uniformly rotund Banach

spaces 1s given as a generalization of the characteristic inequality in the uniformly rotund Banach spaces

which was given by Zong-Ben Xu and Roach.
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In 1936, the concept of a uniformly rotund Ba-
nach space was first introduced by Clarkson''’ | and
this class of Banach spaces is very interesting and has
numerous applications. Consequently, some methods
were found to investigate the geometry of Banach space
(see [1] ~ [11] ). In 1977, Sullivan'*’ intro-
duced the 2-uniformly rotund spaces as a generalization
of uniformly rotund Banach spaces.

In this paper, X will denotes a real Banach space
and X" will denotes its dual space, symbols

UX) = {xxe X, |x] <11,
S(X) = {fxix e X, ||x] =1}
denote the unit ball and the unit sphere in X respective-

ly. For arbitrarily real numbers A,,A,,A;, we always
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let Ay VA, VA; = max(A;,A,,A) ,A ANA, A Ay =
min(A,,A,,A;), and for all A, ,A,,A; € [0,1] are
always assumed to be such that A; + A, + A; = 1.
For an arbitrary space X, one of the measuring the
“2-uniformly ” of the set of three dimensional sub-
spaces is in terms of the real valued modulus of rotun-

dity, i.e. fore > 0,

5,(g) = inf{] _ [E2 +7;2 + 2 | :

Xy ,%,%3 € S(X) ’A(xlaxm%) = 3}

Where

A(x] »Xo ax3> =
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557 &

1 1 1
sup filx) filxy) fi(xs) H

e S(X*),i :1,2}

Banach space X is said to be 2-uniformly rotund'if for
any & > 0, there exists ad > 0, such that for x, ,x, ,x,
e S(X),if | % +x, +x; || >3 -8, thenA(x,,x,,
%) < &

In 1989, Zongben Xu and G. F. Roach [3] gave
the characteristic inequality in the uniformly rotund Ba-
nach spaces as follows; X is uniformly rotund Banach
space if and only if for Vp e (0,1), there exists a
strictly increasing function §,(A,u, *):R"— R",
8,(A,u,0) =0, such that

[ Ax +py |7+ Cllall Vo ly )" -

5(A. ,44J41:;xﬂ44, <
(A Ix| V ||y||)

Ax" +plyll”, Va,y e X

Where the symbol || x| V ||y | means maximum of
| ] and ||y ||, and Y A,u € [0,1] are satisfy that
A+u =1

The generalization of above characteristic inequal-
ity to the 2-uniformly rotund Banach spaces which we
shall consider can be motivated by the following re-
statement of the characteristic inequality in the uni-
formly rotund Banach spaces: X is uniformly rotund Ba-
nach space if and only if for Yp e (0,1), there exists
a strictly increasing function §,(A,u, +):R"— R",
8,(A,u,0) =0, such that

Az +py |7+ Cllall Vv l1)" -

A(x,y)
61 /\5 7—, =
(o B ||y||)
A" +ullyll”, Va,y e X
Where
1 1
A(x,y) = sup { }:
S U )

sup | f(x) —f(x) | = [[x-y]
feS(X*)

Now we give the characteristic inequality in the 2-
uniformly rotund Banach spaces as follows: X is 2-uni-
formly rotund if and only if for each ¥Vp e (0,1),
there exists a strictly increasing function§,(A,,A,,A5,

*):R*™—>R",5,(A,,A,,A;,0) =0, such that

3
I A"+ Clle VYl )

A(xl,x25x3) <

S B N B E R

817()\1 ’/\2 9)\3’

3
Z/\i ” X || 1), vxl yXp X3 € X
i=1

The characteristic inequality of 2-uniformly rotund Ba-
nach spaces.
Theorem 1 X is 2-uniformly rotund if and only
if for each Vp e (0,1), there exists a strictly increas-
ing function 5,,(/\1 JA A5, ¢ ) :R*— R” ,Bp()\, WA,

N\;,0) =0, such that

3
I 2 A"+ Clle |Vl LV s ()7

A(x,,x,,%5)
5 (A AsuAs, S <
A Y A Y Y b
3
2/\1' 2 07, Vo, ,2,,%5 € X (1)
=
In order to prove theorem 1, we give two lem-
mas.
Lemma 1" X is 2-uniformly rotund Banach

space if and only if §,(&g) > O.
Lemma 2 For x,,x,,x; € S(X),¢,t, € (0,
1], lete = A(x,,x,,%,) # 0, then
A2y + Aty + Astyxy || S
A+ Aot + At —3(A, A A, A A58, (e)
Proof (1) Suppose that x, ,x, ,x;are linearly inde-
pendent and denote by E the subspace spanned by the
elements x| ,x, ,x;and the zero element, then the ele-
ment A%, + A,l,%, + A;L,%; belongs to E . Let z be the
intersection point of the vector A,x, + A,t,x, — x5 and
the ray 7+ (A,x, + A,f,%, + A;L,%;) in the subspace E,
where 7 =0. Then there exist real numbers «, such
that
z = aldx, + A% + Ashx;) ,a =0,
2= BAx + A4%,) + (1 -B) (Ax, +
Aty +A3%5),0<B8<1
Since x, ,x, ,%;are linearly independent, it follows that
a=1,8=1-1,and
| Ay, + Ay, + Astyxs || =
[ BCA %, + Astyx,) + (1 -B) -
(A2 + Aoty + Aaxs) || <
(1 =1)A, + (1 —ty) A0, +
by | Ay + Ayt2, + A ||
(A, +

A%y + Ay6ix,) , (where 7 =0) and the vector A%, +

Let w be the intersection point of the ray 7 -

As;x5 — x,. Then there exist real numbers u, v such that
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w = u(Ax, + A% + Atx,),u =0,
3
w=v(Ax +A%;) + (1 -v) 2)\,»905,0 sv=<l
i=1

Since x, ,x, ,x;are linearly independent, it follows that
uw=1pv=1-1,and

Ay, + Astyxy + Asas || =

3
[ v(Ax, +Ax;) + (1 -v) ZAixi (S
=

3
(L=t + (1=t )A5 +1, Z/\ixi [
=

Therefore
A2, + Asti, + Astys || < (1 - t2>)\1 +
(1 - tz)/\ztl +h [ A+ At + A || <
(L =t)A, + (1 =1,) 28, + (1 =1,) 6,4, +
(1 - t1>t2/\3 il | A+ Atx, + A || =
Ay + Ayt + Ast, =t +
tity | Ay, + Apt %, + A ||
We define a function
I+ A, 4 || = v
(A Ap)
where the symbol A A u means minimum of A and y with
A,p e [0,1] ,)\2 +,lL2 #0, andx,x,,x, € X. Without

loss of generality , we may assume that A, = min(A,,

f‘(Ayﬂ’x’xl 9x2> =

/\2,)\3),then
f(f\z,)\s,xl,xz — X ,X3 _xl) -
1 1
f(?o?’xl9x2 — Xy ,X3 _xl) =
2 + A (o —2) + 4500 =) || = [l | _
A;
1 1
3+ g —2) + g =) | = ) =
A, + Ax, + Asas || — [ || _

As
1 1 1
3( ‘3961 + ?xz + ?9@

=, 1) =
A1 + Apx, + Agag || B [EN _
As As
[ +x +a5 || +3 x| <
PRI
/\3 A3 3
A A
GRS R N IR N
As As As
This shows that f{A,,A;,%,,%, — x,,% — %) <
1 1
f(?,?ﬂﬁ sXy T Xy X3 _xl)'

Moreover, we have

[ A2 + A, + Ay || <

T+ A0 |2, +A,(%, —x,) +
My —x) || = x| )/A; =
1 +)\3f()\2,/\3,x1,x2 — Xy ,%3 _xl) =
12
— Y a|-1)=
e
1 3
1—3,\3(1-?”;%

1 -3A,6,(e)

1+3)\3(

) <

Consequently,
| Az, + Aty + Aslyn, | <
Ay Aoty + Agty =3(A A A, A A 4,8,(e)
(2)
(II') Suppose that x, ,x, ,x;are linearly depend-
ent. Because A(x,,x,,x;) # 0, sox,,x,,x;are not all
linearly dependent in pairs.

IFA %, + Ayt,%, + Astyx; = 0, then the conclusion
is obviously.

IFA %, + Ayt 2, + Astyny # 0, it is impossible that
A%, + Ayt x, and x; are collinear is simultaneous with
A%, + Asb%; and x, are collinear. Otherwise, there
exist real numbers, A ,u such that

A+ Aptymy + Axg =0 (3)

A%y + ux, + Astay =0 (4)
From (3) and (4), we know that x, and x, are non-
collinear, it follows that A = A5t,, u = Ay¢; . This is
incompatible with A x, + A,t,%, + Ajt,05 # 0.

(D When A,x, + A,t,x, and x, are non-collinear,
A%, + Ast,%, and x, are collinear, denote by E the sub-
space spanned by the elements x,,x,,x, and the zero
element, then the element A ,x, + A,¢,%, + A;6,%; be-
longs to . Let z be the intersection point of the vector
Ax, + Ayt x, — x; and the ray 7+ (A%, + A 0%, +
Astyx;) in the subspace E, where 7 = 0. Then there
exist real numbers o, such that

z = al A x, + A% + Astxy) ,a =0 (5)
z = By, + Aatx,) + (1 -8) -
(A% + A,0%, +A3x5),0 <8 <1 (6)
(6) xa — (5), we have
az —z = a(dx, + 0%, + (1 =B)Ayx,) —
(A + Aty % + Asthny) = a(l =B = 1,) Az,
Since z and x, are linearly independent , it follows that
a=1,8=1-1t,and
| A, + Ayt %, + Astons || =
[ BCA %, + Astyxy) +
(1 =B) (A2, + A%, + A5%,) | <
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L —t)d + (1 =) A,8, + u
( 2 A+ 2) At Case &, IfZ)\ixi = 0, then
bl Ay + At x, + A || =
FromA,x, + A;t,%, and x, are collinear, we know that A + gt + Astoxs || < (1 =) A, +

A%, + Asx, and x, are non-collinear.
Let w be the intersection point of the ray 7+ (A, x,
+ A3%; + Ay6,x,), (where 7 =0) and the vector A, x,
+ A;x; — x,. Then there exist real numbers u,v such
that
w = w(Ax, + A% + A0%),u=0  (7)
w =V()\x] + Asx;) +

(1—V)Z)\lx,,0\y (8)

(8) xu = (7), we have
(A + Ax + (1 =p)A,n,) -
w(A 2, + A2 + Aphx,) = u(l —v —1) A,

Hw —w =

Since x, and w are linearly independent, it follows that
u=1rv=1-¢,and

Ay, + Aoty + Asas || =

3
HV()\lxl + %) + (1 -w) Z)‘fxi <
=y

3
(1 =t)A + (1 =1)A, +1 ] 3w,
=
Therefore

[PYETE WA WRNES
3
(1 =1)A, + (1 =1,) A5t +52H Z/\,:xng
i=1
(L =1) (A + Ayty) +

3
(1 =2)t,(A; +Ay) +t1t2”2)\ixi
=1

3
A+ Aot + sty + i ( H zAixi
i=1

-1 (9

By (2) we know that

H imxilk 1=300, A A, A apd(e) (10)
i=1

Combining (9) and (10), we have
(A 2, + Aytymy + Aglons || <

A+ At + A5t =30 A A, A )\3)5x(8)

) When A,x, + A,t,x, and x, are collinear, A, x,
+ A;t,x, and x, are collinear, we can prove it greatly
similar to (D.

@ When A,x, + A,t,x, and x, are non-collinear,
Ax; + Ajbx; and x, are non-collinear, from the
process of proving (I) , it follows that

A + At + Astoxs | < (1 —1,) A, +

(1 =6) X5t + 6, | Aywy + Aoty + Ay ||

Now we divide two possible cases

(L =t) Aoty + 6 [ A2 + Aoty + Asy || =
(1 =5,)A + (1 =1,) A58 +16,(A, = Ayty) =
Ay + Ayt + Asty _2/\2t1tz - ()\1 +A; - )‘z)tz =
A+ Aot + Aty = 225000, = (A + A5 = X))t =
A+ At + A, -ty
Ay + Aty + Ast, — 65,0,(8) <
AL+ At + Asty, =3(A A A, A A 608, (e)

3
Case @, If Z Ax;, #0, then A %, + A,x, and x,
=

are collinear and A x, + A;x; and x, collinear is impos-
sible simultaneous. When A ,x, + A,x, and x; are non-
collinear, we can prove it greatly similar to (). When
A%, + A;x; and x, collinear A%, + A,x, and x, are non-
collinear, then A x, + A,¢,%; and x, non-collinear. In
this case, we can prove it greatly similar to 2). Thus,
we complete the proof of lemma 2.

Proof of theorem 1 When the inequality (1) is

satisfied , for Vx, ,x,,0; € S(X) withA(x, x,,x,) =
e. Wetake \| = A, = A; = %in the inequality (1),

then

X+ X, + X,
3
Which implies that

-(1-@(%%%
e know

Thus, applying Lemma 1,

<(t-a(335)

2)) >0

that X is 2-uni-

S5,(e) =1

formly rotund Banach space.

Conversely , suppose that X is a 2-uniformly rotund
Banach space. We shall construct a function §,(A,,
Ay, As,e), so that the inequality (1) is fulfilled. For
this purpose, we first define a function

90,,()\1,/\2’)\%,8> = min | f(1> f(z f<3) M)

where

pl)(/\] 9A2 1/\3 98) =

A+ (A, + A, )(1_E)”_

(/\ + (A, +As )(1 —E))p,

ff,Z)()\l ,)\2,)\3,8> =

(A e asfr-5))

(1_)\2)P ’

A +,\2(1 _i)P -
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ff;3)()‘l JA2, A, ’8> =

»

pon ) a2 B

[)\1 +)\2(1 _1,92)_’_)\3[/\. +)t2(1 _16‘2)]]1)’
1 - A,

fli4)()\1’/\29)\3’8) = A+

/\2[’\' A1 _182)]P +A3(1 S)P -

-, 2
()\1 +)\2£)\] +)\3(1 _132)}- )\3(1 _g)}p
= 12

Now we show the following inequality ;
[ Ax, + A2, + Asas |7+ 901)(/\1 JAz,As,e) <
Ay oy 17+ A [ |7+ A [ |7
with the function§,(A,,A,,A;,&) holds for every V x,
e S(X) ,x,,x;, € U(X).

Let
Izl =1, x| =1,
- Xy - X3
”x?” :tz,xZ:?sxzzz’

A(x,,%5,%,) = &, A(x,,2,,0,) = €
and consider the function g defined by
gt,1") =
A+ A"+ A" = (A + Ayt + Ayt -
3(A A Ay A A u's(e))”,
0=, =1
From Lemma 2, we have
gt b)) S A+ ALt + Asth —
| A%, + Aoty + Aglyxs |7 =
Al |7+ Ay [y |7+
Ay Ly 17 = TAx + Axy + Asa || (11)
In what follows, we will divide four possible cases
which complete the steps of proving theorem 1.
_£
12°
ity, we may assume thatt, < t,, so we have
g(t,t) = A + At +
Asty = (Ap + Apty + Asty)”

then, without loss of general-

D Ife, 1, <1

Let
q(t,t) = Ay + Aty +
)\3'512] - (/\1 + Ayt + )\3’52)p
then

aq

67 = P/\ztlll_1 =P (A, + Ayt + /\\3t2)1)_l
1

Since ¢; < t,, it follows that gTq < 0, hence
1

gty 1) = Ay + At + Ayt —

(/\l + /\Ztl + )\3t2>11 =

A+ /\2(1 _%)p +

Asth — (A, + )\2(1 £)+ Asty)”

12
and
& .\ = _eyY
q(l _12’t2) = A, + /\2(1 12) +
Asth — (A, + )\2(1 —%)+ Asty)”
Because
kY _ &
q(l 12’t2 I
at, = PAsl,
PASAL + A1 = 2] + asn)"
aq(l —i,tz
12 &
so we have < 0 whent, <1 - 1

Hence
gty 1) = Ay + A + Ayt -

(A, + Ayt + A38)" =

e\
Mo (A + A (1= 2] = (4 + (A + 1)

(=20 = Gunie)
£
12°

lowing inequality ¢ < & +4(2 —t, —t,) holds for & and

@ Ift,,t, > 1 - then, we can check the fol-

&.
Indeed,
e = A(x,,%,,x5) < A(x,,%,,x5) +
1 1 0
flvf;gpm[ L) filxy) files —a) }+
L) filwy) filx —a)
1 0 1
/l,fzse%%*w{ Siw) il _?2) Si(x) ]g
LHlx) filwy —x)  fi(a)
A(x, %, ,%05) +
1 1 0
fl’fzseli.gm{ L) filx) (4 = 1)fi(x) }+
L) filwy) (8 = 1)fi(x3)
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557 &

1 0 1

P filx) (4, =Dfi(x)  fi(x) <
£(x) (4, = D) fi(x)
v sup (L= DA -

Sup {(tz _1)(t2f1(;72>f2(;73) -

S1.f2eS(X
tzfz(%)fl(xx) +f2(502)f1<xl) _f‘](;c2)f2(xl))} =
e+4(1 —t) +2(1 —t,)(t, +1) <
e+4(2 -1, - t,)

It follows that

e=e-4(2 -t -t,) =e+4(t, +1, -2) =

e
3
Because the function §, (&) is strictly increasing in g
so we have
g(t,,6,) = A, + A,0h + Asth -
CAy + Ayt + Agt, -

P
3(A, A A, A )\3)t1525){(§)) = h(t,,t,)
From
oh _
o T PAET =PI, + Moty + Mgty —
1

3(a A A, A /\3)t1t25X(§)]P-1 .

()\2 “3(A, A A, A A3)tzéx(?))

we know that the function h (¢, ,t,) attains its minimum

value at point ¢, , where
*

t, =

(A + Astp) A, =3(A, /\)\2/\)\),:5(3)}1;‘*1

AT - [ 1.

=30 A X, A As)tz‘SX( )]

dh

Ly

Noticing that =— = 0, we have

ty =t

[/\, + A"+ Asty -
300 A Ay A A tﬂsx(%)]” -

PIAL [Al + A0+ Aty =3(A A A, A A tzsx(i)]

3

A =34 A A, A /\3)z25x(%)

Hence
infh(tl 7l2) = h(tl* ,zz) =

A+ AT+ A -
B * ERYA
[)\l F 00+ At =30 A A, A Ay zzax(?)] =

» »
A+ AL+ A5t -

)\2'31*/1-1 [)\1 + )\zll* + A5t _3()‘1 A A, A )‘3)':1* ':26)((%)]

A =300 A d A 5)

LA+ At
)\]+/\3t,27_ 2°1 (1 3-) -

Ay =3CA, Ad, A /\3)5253'(%)

A+ At -
A (A + A50)0"

e\
a(5)1)

Because h(t, ,t,) is strictly increasing in t,, so we

()lﬁ%'_ [)\z =30 A A,

have

inf h(ty,t,) = Ay +/\3(1 _%)I‘ -

AZ(A, + )‘3(1 -%))p

(57 - [ =300 Aa ha (1= (5T
, (A1+A(1—i)
)x1+)t3(1—%)_ (1_)\),)}2

f,(y2) (A1,Ay,05,8)

Hence
g(ty,t,) Bf;,Z)(Al JAs,As,E)

@ If0 < ¢ <1—%

gty ,t) = Ay + At] + Mgty — (A, + Aty + Asty)”
Let  q(t,,6,) = A, + A0 + Asth — (A, + Ayt +
Asty)?, then

<t, <1, then

gTq—p/\t’” —pAy (A, + Aoty + Asty)’!
1

Since t, < t,, it follows that 34; < 0, hence
1
gty 1) = A + At + Asth -

(/\1 + /\Ztl + )‘3t2>1) =

A+ A2(1 _i)p + AL -

12
(A + (1 - 12)+ A tz)p
and
o1 =) = a1 -5) -

(A, + A ( 12)+ Nsty)?
From

(1 - 5.)

ot,
At = pAs(A+ A1 - 2]+ zz)'kl
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we know that the function q(l - %,5) attains its min-

A +A2(1 _E)

imum value at point ¢, =

1 - A,

Hence

A+ A (L =5y g -

g<tl’t2) 12

(A +2,(1 _%> +At)" =

, P
/\1+/\2(1—%)1+)\3 )‘l”‘z(l‘ﬁ) -
-,

A +/\2(1 _E) i

1 -,
f;}) (/\1 ,A2, A, ,3>

A +/\2(1 -%)+/\3

@ If0 < t, <1—£ < t, <1, then, using the

similar method which is used in proof of case 3 , we
can deduce that
gty ty) = X + At + Asth -
(A + Xty + A38)" =

Aot a1 - E) -

(/\1 + Aot +A3( %))

A+ A, A +A3(1 _5) P +A3(1 —%)p -
1 -2,
A+ As(1 =& i
AL+ A, 1+13_(/\2 12) +)\3(1 —%)
f;4)(/\1’)\2’/\3’3)
Hence

g(tl9t2 Bmln f<1) ﬁz P P =
QD,;()\la/\za)\s,t‘J)

Combining these inequalities with (11), we have that
A, + A,%, + Agas |7 + QD,J()\l,)\za)\mS) =
Al 17+ Al |7+ A5 [y ||

for
Vx, € S(X) and x,,x, € U(X)
Let
81;(/\19/\25/\39‘9) =
min{gop(/\l’)\2’/\3’8>7
¢;;(A2’A13A3’8) 9¢’p</\3’/\29/\1’€)€
then , for eachp e (0,1),

there exists a strictly in-

creasing function §,(A,,A,,A;, ) :R*—>R",
8,(A1,A5,15,0) =0, such that

3
[ Zf Ax

51)()\1 ’/\2 ’)\35

T+ Ol ]
A(xl’xz,%)

(Een

s 11"

I, |

N

Cllx (ENDA

3
Z)H' (e ",
iz

VYV, ,%,0 € X
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